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THE EXTENDED i-MITTAG-LEFFLER FUNCTION AND
ITS PROPERTIES

G. RAHMAN, K. S. NISAR*, T. KIM, S. MUBEEN, AND M. ARSHAD

ABSTRACT. In this present paper, our aim is to derive the extended k-
Mittag-Leffler function by using the extended k-beta function (Mubeen
et al. in J. math. anal. Volume 7 Issue 5(2016), 118-131.) and de-
fine some integral representation this newly defined function. Also, we
introduce the extended k-fractional derivative formula and show that
the extended k-fractional derivative k-fractional of the k-Mittag-Leffler
gives the extended k-Mittag-Leffler function.
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1. INTRODUCTION

The Mittag-Leffler functions E,(z) and E, 3(z) which can be defined as
the following form:

(1) Ea(z)=§r(#:1),zec;%(a)>o

and

(2) Eop(z) = L, ,B€C;R(a) >0,
&= i o

respectively. For further details of Mittag-Leffler function such as generaliza-
tions and applications , the readers may refer to the work of researchers (for
example) the Dzrbagjan [2], Kilbas and Saigo [10], Gorenflo and Mainardi
[5] , Gorenflo et al. ([6, 8]), Kilbas et al. [11] and Saigo and Kilbas [16]. In
recent years, the Mittag-LefHler function (1) and the various generalizations
of this function have been numerically investigated in the complex plane
(see [9, 17]). A generalization of this Mittag-Leffler function E, 5(z) of (2)
was also introduced by the researcher Prabhakar [15] as follows:

an + ) n!

B B =Y s s eCiR) >0
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where (), denote the well known Pochhammer’s symbol which is defined
by:

Yy +1)--(v+n-1),(neN,yeC).
Obviously, the following special cases are satisfied:
(4) E(ly,ﬁ(z) = Eoé,/f(z) = E(i,l(z) = Eo(2).
Recently many researchers have investigated the importance and great con-
sideration of Mittag-Leffler function in the theory of special functions for
exploring the generalization and some applications. Many extensions for
these functions are found in [7],[18]-[21]. Srivastava and Tomovski [22] have
defined further generalization of the Mittag-Leffler function E 5(2) of (3),
which is defined as:

(W)n:{ 1,(n=0,7€C)

oo

5 BV () — Vs 2"
(5) a(?) ;O T(an + f) n!

where z, 3,~v € C; R(a) > max{0, R(x) — 1}; R(x) > 0.

A useful generalization of the Mittag-Leffler function called k-Mittag-Leffler
function E] 5(2) defined in [4] and its series representation is given by:

n

- Vg 2"
Y — ) _
(6) Ek,(y,[j(z) - nz::() Fk((\{n + ﬁ) n!a

where o, 8,7 € C, R(a) > 0, R(B) > 0, R(y) > 0, k > 0 and ()p is the
Pochhammer k-symbol defined as:
OIOWES oAt i

" 'y(’y—i-k)(’y—|—(n—1)k),(nEN,'yE(C,k>0)

In this paper, we extend the k-Mittag-Leffler function E ﬁ(z) defined in
(6) in the following way. Since

n

_ - ('Y)n,k z
Fias?) = 2, Tan+ 5y ot

using the fact that
(Vnk _ By +nk,c— )

©nk  Br(v.c—7)
we extend the k-Mittag-Leffler function as follows:

)

o0

. Br(y+nk,c—yip)  (Onk 2
8 E’Ya ; = ’ )
(8) foa,5(%5D) n;) Bi(y,c—7)  Tilan+8)n!

where o, 8,7 € C, R(a) > 0, R(B) > 0, R(y) >0, p > 0, k > 0 and
By(z,y;p) is an extended k-beta function defined as:

n

1
k

L 14 Lo -~ P
/tk (I—t)x " exp| W=7 ]dt.

(9) By(z,y;p) = 1—t)
0

| =

For further various properties of an extended k-beta function, the interesting
readers may refer to see [12].
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remark 1.1. (i) Setting p = 0 in (8), then we will have the well known
k-Mittag-Leffler function defined in (6).

(ii) Setting k = 1 in (8), then we will have the well known an extended
Mittag-Leffler function defined in [13].

The paper is organized as follows: In Section 2, we defined various integral
representations of the newly defined extended k-Mittag-Leffler function. In
Section 3, we obtain fractional integral and differential representation of an
extended k-Mittag-Leffler function.

2. SOME PROPERTIES OF THE EXTENDED K-MITTAG-LEFFLER FUNCTION

In this section, we derive some basic properties of the extended k-Mittag-
Leffler function. We begin with the following theorems which give integral
representation, recurrence relations and Mellin transform.

Theorem 2.1. For k > 0, the extended k-Mittag-Leffler function can be
expressed in the following integral representation

1

1
kBk(’% Cc— 7) 0/

where p > 0, R(c) > N(y) >0, R(a) >0, N(B) >0
Proof. Using (9) in (8), we have

y

k
(10) EYS (zp) = (1= ) F e WD B o (t2)dt,

(o]

1
]. yt+nk c— _7l€
E;cytcxﬁ Z;p) = Z E/t tﬂ _1(1 —t)Tv_le kt(pl—t)dt

n

(S)n,k Z
Bk(y, ¢c—7) Lk(an + B)
Interchanging the order of integration and summation in above equation, we
have

1

. 1 yt+nk =y _1 — Pk
By o) = 3 [EF 10— T e
0

n

(e}
z
XE dt
= By %C—W)Fk(an+ﬁ)

1

—l/t%— (1—1) e P kt(l 0]
k

0
(tz)"
% Z Bk v, ¢ — 7) Lg(an +B)
1

1 / J_q &y _q —L
_ (1 —t)® el MU-HEY | o(tz)dt,
kBi(7.c=7) ) (-1 ke (12)

which is the required proof. 0
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Theorem 2.2. For k > 0, the following recurrence relation for the extended
k-Mittag-Leffler function can be expressed in the following form

d e
(11) E]Z;ﬁ( p) = ﬁEkaﬁ+k(2 p)—l—azd—Ezaﬁ( 2p),
where p > 0, R(c) > RN(y) > 0, R(«) >0, RN(B) > 0.
Proof. Tt is easy to prove the above recurrence relation. O

Theorem 2.3. The Mellin transform of the extended k-Mittag-Leffler func-
tion is expressed in the following form:

yic ) _F(S)F (c—7+5)
m{Ekaﬂ(z’p)’S}_ ka(v)ka(C—V)
(¢, k), (v + 5, k);
(12) X k,2W2 (8, ), (c + 25, k) l
, (), c—+ S,

where p > 0, R(c) > N(y) > 0, R(«) > 0, R(B) > 0 and ,2P2 the k-Foz-
Wright function [1].

Proof. Taking the Mellin transform of the extended k-Mittag-Leffler func-
tion, we have

e}
(13) M{ E5 p(zp)is } = /ps‘lEfo,,g(Z;p)dp
0
Using (10) in (13), we obtain
0 1
“r k
W{EZ’a;a(Z;p);S} =/p5‘1 / 1) Tl ww
0 0
(14) x B o 5(tz)dtdp.

By interchanging the order of integration, we have
1

: 1 ol c—
DJT{E“ ip); }=7 /trll—tT—lE‘: t
k,o,8 (Z p)7 S kBk (77 c— 'Y) / ( ) k,,a,,ﬁ( Z)
o0
pk
(15) X /ps—le*—kul—t)dpdt.
0
Consider the integral
[ee]
P
/ps_le_mdp.
0

By using u = —2— in the above integral, we otained

[t(1-t)]%

oo

T(s) = %1—15%/17

0
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Using this result and the definition of k-Mittag-Leffler function in (15), we
have

im{ EIZ;,B (2;p); s }

1

Fk(S) ’v+e_1
(16) = —=20 [ 11 — )"
7) 0/

5_q n k tZ
———_dt.
kBg(v,c — Z Fk an + B)n!

Interchanging the order of integration and summation, we have

Sﬁ{ Eg’aﬁ (z;p); 8 }

17 "/+nk+9 1 1 ¢t c— 'y+9 1dt
a7 Bk’Y,C_’Y)ZFkan‘Fﬁn'k/ =%
Using the definition of k-beta function, we have
m{ B, 5(zp)is }
(18) = — Lk i (©np(2)"  Th(y + nk +s)Cx(c =7 + )
By(v,¢c—7) = Tk(an + 8)n! Tk(c+ nk + 2s)

This can be written as

m{ EJG s(zp)is }

_ Di()T% c—ﬂ/+s)Z Te(c+nk) Ty(y+nk+s) 2"
P

T'k(c)Bg(y, ¢ Lk(an + B)n! Ti(c + nk + 2s) n!
_ rk(s)Fk(C_’Y+8) XkQ\I/Q (C,k),(’“/—FS,k); B
BeOTke =) "7 7| (5a),(c+25,k)

Corollary 2.4. Taking s = k in Theorem 2.3, we have

(19)
P _ DenrR | @DOERDE
0/ Rl W L (B,), (c+ 2k k)

Corollary 2.5. Taking the inverse Mellin transform on both sides of (13),
we have the following result

V4100

1
20) EF (2p) = / o (s\Ca(c —
( ) ko ﬁ(zap) QW/IFk(’Y)Fk;(C o 'Y) k‘(s) k(c Y + S)
v—100
(¢, k), (v + 8, k);
X2 Vo sz | p~ids,v > 0.

(B, ), (c+ 2s,k)



492

G. Rahman, K. S. Nisar, T. Kim, S. Mubeen, and M. Arshad

3. SOME DERIVATIVE PROPERTIES OF EXTENDED K-MITTAG-LEFFLER
FUNCTION

In this section, we derive the extended Riemann-Liouville k-fractional dif-
ferential formulas. Also, we prove some derivative properties of the extended
k-Mittag-LefHler function.

Definition. 3.1 (see [14]) The extended Reimann-Liouville fractional
derivative is given by

1) DE{f(2)} =

_ms2
/ (z—t)™* exp[t bz |dt,
0

where R(u) < 0, R(p) > 0 and for m—1 < R(u) < m (wherem =1,2,3,---),
we have

DEP(f(2)} = DR f(2))
(22) = jz—mm{ yemeD : (t)(z — )™ exp[ }

If p = 0, then we obtain the well-known Riemann-Liouville fractional deriv-
ative.

Definition. 3.2 For k > 0, we define the extended Riemann-Liouville
k-fractional derivative as follows:

k2
(28) (DUP{f(2) / )z = 0)7F " expl st

where R(u) < 0, R(p) > 0 and for m—1 < R(u) < m (wherem =1,2,3,--+),
we have

(DEPf(2)) = j—mkm CDEPf(2))

dm z
dzm{ Em TR +mk Off Oz —t) " F eXp[—j]dt }

If p = 0 in (23), then we obtain the well-known Riemann-Liouville k-
fractional derivative formula (see [3]). Similarly, if ¥ = 1 then we have
21.

—ptmk

(24)=

Theorem 3.1. Let p > 0, R(mu) > R(A) > 0, R(a) > 0, R(B) > 0 and
k >0, then

£_1
T Br(Ac— A
Zk k( , C )E)\C (Z,p)

pL -1 _
(25) k@gp{zk Eli,a.ﬂ(z)} - Fk(,u — )\) ko8

Proof. Setting p = X\ — p in equation (23), we have

ALy,
KDUP{2E L EL , 5(2)}
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1 A_1 —Abe g _kaQ
= _— ¢ p— ¢ EC _—
/\k)/tk (z—t)"F k*a*ﬂ(t)eXp[kt(z— |dt

KDk (p — ) t)
“Abp g Z k
Zk / A [ ANES CTRP R —pz
= = [t (L= o) TE T B, 5(t) expl———=]dt
ETk(p — M) z kt(l — %)
Putting u = é., we obtain
A Z}l%_1 i A At
A_ A_ ZATH
AT 0y} = ey [t -
0
,pk
(26) X EE,()’,ﬁ(U’Z) exp[m]du

Comparing the above result with (10), we get

by
A e 25T Br(A ¢ — A)
(27) DU P 2% 1E,§7aﬂ(z)} = Fk(lt( N E,;\;/B(z,p)

Which completes the proof. O

Theorem 3.2. For the extended k-Mittag-Leffler function, we have the fol-
lowing result:

dr : Lnksetnk
(28) B s(=0)} = @naB 0 (p)n € N.

Proof. Taking the derivative of the extended k-Mittag-Leffler function with
respect to z, we have

d kic+k
(29) i Easzn)} = cEY iy (D).

Again taking derivative with respect to z, we get

& ; +2k;c+2k
(30) @{El,ﬁ,g(zsp)} = cE] 5 00 (#D).
Continuing in this way up to n times, we get the required result. O

Theorem 3.3. For the extended k-Mittag-Leffler function, we have the fol-
lowing differentiation formula satisfies:

d"” B_ . a B_ . a
B) BT R ) = T, (wehi)
Proof. From the definition of the extended k-Mittag-Leffler function

d" ¢ 81 pye o
w{zk Ek,a,g(wz’“;p)}
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natB _q

_ a4 i Bp(y+nk,c—v) (c)npA" 2z F
T den o Bi(v,¢e—7v) Tilna+B) n!

na+g

- in(”/Jrnk,c—v) (QnpA” 27 "t
= Bilv.c—7) Lilna+p)  nl
(na+ B —k)(na+ B —2k) - (na+ 3 — nk)
kn
— LE-n- 1sz y4nk,e—7) (k. A2F Tip(na+B)
Bi(v,c—7) Tr(na+p) k*n! Tip(na+ S — nk)

n=0
This implies that

dzn{zk ka[,(wzk )}—zk n= lEkaﬁ nk(wzk D).
Which is the required result. O

remark 3.4. In this paper, we introduced the extended k-Mittag-Leffler
function and derived its various properties. We conclude that if we let-
ting k = 1 through out in this paper, then we have the earlier proved result
of extended Mittag-Leffler function [13]. Similarly, if p =0, then we get the
result of k-Mittag-Leffler function.
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